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Disjoint Hypercyclicity for families of 
Taylor-type Operators 

V. Vlachou 


Abstract 

We give necessary and sufficient condition so that we have d- 
hypercyclicity for operators who map a holomorphic function to a 
partial sum of the Taylor expansion. This problem is connected with 
doubly universal Taylors series and this is an effort to generalize the 
concept to multiple universal Taylor series0 


1 Introduction 

In the last 30 years, many authors have worked on the notion of hy¬ 
percyclicity and important advances in the research have been made, under 
several points of view. Roughly speaking, hypercyclicity means existence of 
a dense orbit. More recent papers have introduced and studied a new notion, 
the disjoint hypercyclicity i.e. the existence of a common vector with dense 
orbit for several operators, such that the approximation of any hxed vectors 
is also simultaneously performed by using a common subsequence. Our goal 
is to study disjoint hyperclycity for families of Taylor-type Operators. 

Let us be more specihc and give the precise dehnition of hypercyclicity 
(for more details see [1] and IH)- 

Definition 1.1. Let X, Y be two topological vector spaces over IK = M or C. 
A sequence of linear and continuous operatos : X Y^n = 1,2,... is 
said to be hypercyclic if there exists a vector x E X so that the sequence 

{TiX,T2X, .. .}, 

is dense in Y. In this case the vector x will be called hypercyclic for {T„}„gN 
and the symbol iLO({T„}„gf^) stands for the set of hypercyclic vectors for 
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{^n}neN- If the sequence {T„}„gp^ comes from the iterates of a single operator 
T X ^ X, i.e. Tn = T^, n = 1,2, ... then T is called hypercyclic and the 
set of hypercyclic vectors forT is denoted by HC(T). 

We are now ready to give the definition of disjoint hypercyclicity as in¬ 
troduced in ^ and [B]. 

Definition 1.2. Let cxo G N and X , Yi, 1^2, • • •, h'o-o topological vector 
spaces over K = R or C. For each a G {l,2,...,cro} consider a sequence of 
linear and continuous operators '■ X —>■ Y^, n = 1,2,.... We say that the 
sequences {ro-,n}nGN, <7 = 1, 2,..., ao are disjoint hypercyclic if the sequence 
[7\ T2^ni • • • 1 ^(To,n] • X ^ Y\ X Y 2 X ... Y^^ defined as. 


[Ti^n,T2^n, ■ ■ ■ ,T„^,n]{x) = (Ti,„(o:),(x),...,) 


is hypercyclic where Yi x Y 2 x... Yo-q is assumed to be endowed with the product 
topology. 

The notion of d-hypercyclicity has been studied by many authors (see for 
example 0- 0) and it is a strong property which reflects in some sense the 
density of the diagonal orbit. Intresting questions and problems have been 
studied in this setting and they have inspired G. Costakis and N.Tsirivas (see 
0) to consider a similar question in the setting of universal Taylor series. 
We would like to continue along the same path of research (see also 0)- 

So, let us describe the specific operators that interest us. We fix a simply 
connected domain G C C and a point Co G G. We denote by H{fl) the 
space of functions, holomorphic in G, endowed with the topology of uniform 
convergence on compacta. Moreover, for a compact set K (Z C, we denote 


and 


A{K) = {g E H{K°) : g is continuous on K} 

M. = {K Z £. ■. K compact set and connected set} 


M.q, = {K Z C : K compact set and K'^ connected set} 

For a function g defined on K, we use the notation \ \g\\K = sup \g{z)\. 

z&K 

Now for every K G M.q, and every sequence of natural numbers {A„}„gN we 
consider the sequence of operators: 

r«"> : ff(fi) ^ .4(A'), n = l,2,... 
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V. Nestoridis in [22] (see also |2T]) proved that if the sequence 
is unbounded then the corresponding sequence of operators is 

hypercyclic. 

In the hrst part of this work, we consider a hnite collection of sequences 
of operators of the above type and we study the problem of disjoint hyper¬ 
cyclicity. This result generalizes the results in [8] and [7| on doubly universal 
Taylor series, where this porblem was investigated in the special case of two 
sequences of operators. Our tools include concepts and theorems from po¬ 
tential theory for which we would like to refer to [23] . Lately, several authors 
have used potential theory in problems concerning universality (see 0 - 1121 , 

ca. ra-iHi, H). 

In the second part, we deal with a special (hnite) choice of sequences of 
natural numbers and using Ostrowski-gaps we prove that the d-hyperciclic 
vectors are independent of the choice of (o- We use methodes and ideas used 
in [13], [I9] (see also [20] and [IS]). 


2 D-Hypercyclicity for Taylor-type Operators 


Definition 2.1. Let ^ a = 1, 2,... ao be a finite collection of se¬ 

quences of natural numbers. A function f G H{Q) belongs to the class 
{A^^^InGN, • • •, {}„eN), ^f for cvcry choice of compact sets 
Ki,K 2 ,..., G Mn the set 


{(T;^)(/),«(/),... ,T^)(/)) : n G N} 


■i(Co) 


(Co) 


is dense in A{Ki) x A(K 2 ) x ... x A{K„^^). 


The main goal of this section is to give necessary and suhcient conditions 
so that the above dehned class of functions is non-empty. Note that the func¬ 
tions of this class are disjoint hypercyclic vectors, for the sequences of oper¬ 
ators we considered for every choice of compact sets Ki, K 2 ,..., G AIq. 
Remark: The class • • •, {A^r°^}neN) is indepen¬ 

dent of the order with which we consider the sequences {An'^^jngN , a = 

1,2,... (To. 

Nevertheless, in order to state our result we need to consider a specihc 
arrangement for these sequences. 

Definition 2.2. Let (T = 1, 2,..., (Tq, (Tq G M be a finite number of 

sequences of natural numbers. We say that these sequences are well ordered 

if 

AI't+I) ylfT") 

limsup —> limsup , , , (T = 1, 2,..., (Tq — 1. 

„ Ay " n Ai‘’+‘> 
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Lemma 2.1. Let cr = 1,2,... ,ao be a finite number of sequences 

of natural numbers. There exists a rearrangement cr = 1, 2,..., uo 

which is well ordered. 


Proof. 

Step 1: If the sequences {An^j^gN and {An^}„gH satisfy the inequality 


lim sup 

n 


x(2) 

'An 

'An 


Ad) 

> lim sup 
« An 


we take no action. If they do not satisfy the inequility we interchange their 
positions and then the inequility will be satished. 

Step 2: Assume that the inequility is satished for cr = 1, 2,cri, for some 
(Ti G {1,..., (To — 2}. We will hnd a rearrengement so that the inequility is 
satished for cr = 1, 2,..., cri +1. First we compare the sequences {An'^^'''^^}neN 
and {A^T^’^^^jneN • If they also satisfy the inequility, we take no action and 
the result follows. If they do not satisfy the inequility we interchange them, 
so that the inequility is satished for cr = cri + 1. Now we need to compare 
(the new) {A((i’''^}neN with {A^T^^IneN- If necessary we interchange them. In 
this case note that the inequility will hold for cr = cri and it will still hold 
for cr = (Ti + 1 because of our assumption. Continuing this way after a hnite 
numbers of steps we will reach our goal. 

Repeating the second step for cri = 1, 2,..., erg — 2 we will end up with a 
well ordered rearrangent. □ 


In view of the above, let us assume that we have a well ordered hnite 
collection of sequences of natural numbers {A^T^jngN, cr = 1, 2,..., erg, erg G N. 

Theorem 2.1. The class {Ai^^jneN, ■ ■ ■, is non¬ 

empty, if and only if, there exists a strictly increasing sequence of natural 
numbers {p.n}n£N such that 

^((T+l) 

lim A(/^ = +00 and lim , = +cx), cr = 1, 2,..., erg — 1. 

n^oo n—>-cxD \ 

First we will prove that the existence of such a sequence {/XnjneN implies 
that the class {An • • • , {Ai'^°^}nGN) is Gs and dense sub¬ 

set of H{Q). For this task we need a proposition, which is a modiheation of 
the well known theorem of Bernstein-Walsh (theorem 6.3.1 [23], see also [8] 
and [7|). We would like to note that this idea was also used in [S] and [7], 
but the corresponding propositions were not enough for erg > 2. Therefore 
this proposition is actually the key to obtain the result for more sequences. 
To state our proposition in a simple way, we hrst give a dehnition. 
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Definition 2.3. Let : f/ —)■ C, n = 1, 2,... be a sequence of continuous 

functions defined on an open set U and an, n = 1,2,... be a sequence of 

positive integers. We say that the sequence hn, n = 1,2... is {an} —locally 

1 

bounded if for every compact set K dU the sequence is bounded. 

Proposition 2.1. Let K & Ai. For every {an} —locally bounded sequence 
{fn}nm of holomorhic functions on an open neighbourhood U of K: 

\imsnp dr^{fn, K)^ <9<1 

n 


where 


e 


suPc^^(7exp(-^Cocxi^(^,oo)), ifc{K) > 0, 

0, ^fc{K) = 0 


and is any sequence of natural numbers such that lim 

n 


Tn_ 


+ CX). 


Proof. Assume first that c{K) > 0. Following the proof of theorem 6.3.1 in 
[23] . we consider a closed contour F in f/ \ IF such that indr{z) = 1, z E K 
and indY^yZ) = 0, z ^ U. 

Since cr„ > 1, n = 1, 2,..., lim = +oo, so for n large enough > 2. 

n—>-OD 

In this case we may consider a Fekete polynomial qr„ of degree for K and 
we define 


Pniw) 


±_ f fniz) 
2vri Jy gr„(^) 


w — z 


w E K. 


Then (as in the proof in [23]) Pn is a polynomial of degree at most r^, — 1. 
Moreover, using Cauchy’s integral formula we conclude that: 


Thus, 


fn{w) -Pn{w) 


J_ f fnjz) 
2Tri Jy w — z 


(w) 

Qrniz) 


dz, w E K 


Wfn P-Wk ^ dtstiT,K) 


I I ^Tn I I K 

min|g^„(2;)| 


■Wfn 


( 1 ) 


where t'(F) is the length of F and distiV, K) is the distance of F from K. 

Since /„ is {cr„}— locally bounded, there exists a positive constant A > 1 
such that ||/n||r < A'’’". 

Furthemore in the proof of theorem 6.3.1 in [23], it is proved that: 


lim sup 

n 


WQrJlK A 
min|g^„(z)|y 

z£r 


1 

Tn 


< a. 
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with a = supexp{-gc^^K{z,oo)). 
zer 

Thus, 

j_ J- 

limsup d^^{fn,K)-n < limsup 11/„ - p„| < a. 

n n 

1 ^71 

(note that hm„C^ = 1 and = 1). The rest of the proof is exactly 

the same as in theorem 6.3.1 in [23]. □ 

^(cr+l) 

Theorem 2.2. If = +CX) and lim , = +cxo, a = 1, 2,..., cto —1, 

n n—>-oo \ v'^2 

/'n 

then the class {An ^jneN, • • •, {A^r°^}neN) « Gs a'nd dense 

subset of H{yt). 

Proof. Let {fj}j^fq be an enumeration of polynomials with rational coeffi¬ 
cients. Let, in addition, (iLmjmeN be a sequence of compact sets in Ain, 
such that the following holds: every K G Ain, is contained in some Km (for 
the existence of such a sequence we refer to [22]L 
For every choice of positive integers s, n, m^, a = 1, 2,..., uo and 
j^, cr = 1,2,... , 0 - 0 , we set: 


S({m,r=i.0.r=i.s.n) = {f€H(a) : HT;*’-/,,||i', = 


In view of Mergelyan’s theorem, it is easy to see that 

f^i^nLd'^n ^}nGN, {A^^^InGN, • • • , {Ad°^}neN) = 


Hence, in view of Baire’s Category Theorem, it suffices to prove that 

s, n) is dense in (see also proposition 2.3 in 

n 

0). 

For this reason we £x G £ > 0, and L (Z fl compact. Without 

loss of generality, we may assume that L has connected complement (note 
that n is simply connected), (q G L° (if not we work with a larger L) and 
> Xn\ cr = 1, 2,..., (To — 1 (this holds for n large enough). 

In view of Runge’s theorem, we may £x a polynomial p such that: 

\\9-p\\l<^ and | \p - 41 

Fix two open and disjoint sets Ui, U 2 with L zUi and C 112- 
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For every a = 2,..., (Tq, we will construct via a finite induction a sequence 
of polynomials with the following properties: 

• The degree of the terms of Qn^ varies between + 1 and 


ii<3!r’(2-Co)iii 


4 0 . 


• llp(*-) + - Co) - 4(*-)IU'„, - 

Let a G {2,..., do}. If cr > 3 assume, in addition, that the previous 
sequences of polynomials have been defined. 

We apply proposition 12.11 for 
f/ = (f/i - Co) U (f/2 - Co), 

K = (L - Co) u - Co), 

ZeU2-Co, 

0 , z G Ui — (o 

where gn{z) = fj^{z + Co) - p{z + Co) - Efc=2 Qn\z) 

Wn} = + 1} and {r„} = + 1)}. 

Note that in case cr = 2 we need to set gn{z) = fj^^z + Co) ~ p{z + Co)- 
Let us stress out why the sequence of functions {fn}neN is Wn}— locally 
bounded. We will deal with the case a > 2. 

Let iF C f/ be a compact set. Since /„ are zero on Ui — Co we may assume 
that K C {U 2 — Co)- 

For every n, the function Ylk =2 (^) i® ^ polynomial of degree at most 

, (o--l) 

An 

Our assumption implies that \\QW{z — Co)||l 0, therefore for n large 
enough 


4 0 . 


fn{z) = 


( 7—1 

k=2 


( 0 , 


-C. < 1- 


T-Co 


In view of Bernstein’s Lemma (a) (see [23] p.l56), if dn is the degree of 
YWk=2 Qn\z) we have: 


I _ 1 1 

dfi 

for D = Coo — {L — (q) and ^ G D'^{oo}. The compact set L — Co is non-polar 

since it contains an open disk of center 0. The function is bounded 

and continuous on K. Thus we may choose A = max \e^o{z,oo) \ _|_ Then: 

z&k 



k=2 


1 

dn 


<A^ 


K 


k=2 


1 \ (^~i) I 1 

k 
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We are ready to return to the functions /„: 

1 \ 

max— (C + y4‘^"), 
zgk \z\J 

where C = \ \fj^ — p||x+(o there result follows. 

The last argument suffices for the case a = 2 as well (set A = 0.) 

Since all the requirements of the proposition 12.11 are fulfilled we conclude 
that: 

limsup dr„{fn, K)^ < 9 < 1, for a suitable 9 < 1. 

n 

Hence if we fix 6*o G {9, 1), there exists Uq G M with: 

dTAfn,K)^ <9o, n>no. 

It is now apparent that we can fix a sequence of polynomials Pn with degree 
less or equal to such that: 



\\fn-Pn\\K <9q", n>no. (2) 

We set = z^" -pniz), n G N. 

Obviously, the degree of the terms of varies between Xn + 1 and Xn'^, 
so the first requirement is satisfied. 

For the second requirement we set M = — CollLui^m^ + 1 we have: 

\\Ql^\z - c„)iii < . iip„iii_(„ < 


< M 


(ct-I) 


+ 1 


\\Pn - fn\\K < M 


Ah 

^0 




where we have used relation ([2]). 

It is easy to see that \\qI^\z — Co)||l 0. 

We are ready to proceed to the third requirement: 




k=2 


a—1 

= Il4(z + Co) -p(.' + Co) - (.-) - «'(z)lk„,-c. = 

k=2 

SO as before: 


cr 

l|pW + I]Of'(^-Co)-&WllA'„, 


k=2 

8 


n—»C!0^ Q 




To finish the proof, we claim that the function 


f{z) = p{z) + - Co), 

k=2 

for a suitable choice of ui G N is near on L and belongs to the set 

Eiim^VJLi, {jaVJLl, S, Til). 

Let us see why: 

Since || Yll °=2 Qn (z - Co)||l ^ 0, for ni large enough 

Q'O 

\\f -9 \\l< \ \p - qWl + W'^QSiz - Co)\\l < 2\\p-g\\L < e. 

k=2 

Moreover for cr = 1 it suffices to have Xn^ > degp, because then = p 

SO 

llhS(/)-4llA'„. = l|p-4lk„. <b 

'Xn S 

and for a >2: 

(7 

rS!(/) - = iip(2) + - Co) - /i,(z)ik„, 

'^n ' ^ 

k=2 


and for rii large enough, it is less than □ 

s 

We are now ready to prove that otherwise the class is empty. 

Let us start with a lemma (see also HZ])- 

Lemma 2.2. Let Q (Z C be a simply connected domain. Then their exists 
an increasing sequence of compact sets Ek, k = 1 , 2 ,... with the following 
properties: 

(i) Ek G Ain, A: = 1, 2,... 

(it) [JkEk is closed and non-thin at oo. 

Proof. If fl is not bounded we set Ek = H D{(o,k), k E N. Then the 
sets Ek belong to Al, they are disjoint from and their union is closed and 
non-thin at cxd. ( Note that Ek = is connected and contains more than 

fceN 

one points, so this follows from Theorem 3.8.3 p. 79 [23].) 

If, on the other hand is bounded, £x G N with C D{0,N) and set 
Ek = [N,N + k], k G N. Again Ek E JXi, they are disjoint from and 
Ek = [77, +oo) is closed and non-thin at oo. In both case the sequence of 
km 
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sets is increasing. 

This completes the proof. 

□ 

Proof of Theorem \2.1\ If there exists such a sequence {/injneNi then in 
view of Theorem [O the class • • •, {A^r“^}„eN) is a 

Gs and dense subset of H{Pt). 

Now, let us assume that there exists no such sequence. 

We argue by a contrudiction and we assume that there exists a function 

/ 6 {Af }„EN. .... 


In view of Lemma [2.21 we may £x a sequence of sets {E^} as stated in the 
lemma. As a result we may fix a strictly increasing sequence of natural 
numbers such that the following holds: 

r‘g>(/)llE. <p <^e{1.2,...,ffo} odd. (3) 

llhM(/) - 1||e. < T, CT € {l,2,...,ff„} even. (4) 

np. rx, 

Remark: We may also choose to be striclty increasing for every 

a = 1, 2,..., (Tq. (this is well known and has been stated often in articles on 
Universal Taylor Series see for example US)- Thus we have lim = +oo, 

n—>-oo ^ 

for every a = 1, 2,..., (Jq. 

yiff) 

Case I: lim sup < +cxo. 

We have assumed that the sequences are well-ordered, thus 

\(2) Ul) 

T v.. 1* 

hmsup —^ > limsup — 

k ^oo ^rif^ ^ Ari/i; 

Therefore, we may fix a positive number C > 0 with: 


A 

A 


( 2 ) 

nk 


( 1 ) 

nk 


< c 


and 


yd) 

^rik 


A. 


( 2 ) 

■nk 


< C, keN. 


We consider two sets of natural numbers: 


/ = {4 e N : A® > A®} 
J = {4 e N : AW > Ai^.)}. 
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At least one of the above sets is infinite. Lets ns assnme first that / is inhnite. 
We set: 


Vk{.z) 




k e I 


where R = dist{QF, Co) >0. 

Then pk are polynomials and degpk < \nl - \nl = Ani ( ^ - 1 ) < CXnl- 

J 

Set E = I j nZi)(Co, Then E is closed and non-thin at oo 

AfcGN A 

(note that non-thiness is a local property see p. 79 in [23]). 

Let z & E. Then z E Ek, k large enongh and — Col > 27?. Thns for A: G / 
large enongh we have: 


\Pk{z)\ < 




o 


< 



A 


( 1 ) 

"fe 


(we have nsed relations ([3]) and (jl]).) 

Thus: 

^nr /lA ^ 

limsup |pfc( 2 ;)|^^"fc < - <1, z E E. 

kei \z/ 

Moreover, if T C is a continuum (compact, connected but not a singleton) 
we have: 

CA^ /lA ^ 

limsup IIpfcllr "'^ < (7t ) < 1- 

fee/ \z/ 

Therefore, in view of Theorem 1 in [1^, we conclude that —)■ 0, k E I 

compactly on C. 

Let C £ dQ with |C — Col = R- Then from the above 


But 

(^^) 'A'=(o = - R’nUm- 

\ n J A„J. 

Thus, 


C - Co ^ 

R 


PkiO 
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So we have arrived to a contrudiction. 
Now if J is infinite, we set 


Pk{z) = 


R 


^ - Co 


X(2) 


-'(Co) I 
x(i) 


(/)W-r;f“,'(/)W I, keJ 


and following the same arguments again we arrive to a contrudiction. 

Xn'’ 

Case 2: limsup = +oo. Then passing to a subsequence we may assume 

k^oo Anfc 

that lim = +cx3. Now if limsup —^ < +oo we arrive to a contrudiction 


fc —>-00 \(^1 


k^oo 


= +00, SO passing to 


as in case 1. Therefore we conclude that limsup —^ 

k^oo Anfc 

a subsequence we may assume that lim = +cx). Continuing this way 

k^OO 

after a hnite number of steps we will end up with a sequence {/injnsN that 
we assumed that it does not exist. The proof of the theorem is complete. 


3 Independance of choice of expansion 

We start by giving the definition of Ostrowski-gaps, since they will play 
a central role in this section. 

OO 

Definition 3.1. Let be a power series with positive radious 

k=0 

of convergence. We say that it has Ostrowski gaps (pm,Qm), ^ = 1,2,..., 
if there exist two seguences of natural numbers {pmlmeN {gm}mGN such 
that the following hold: 

(i) Pi < qi < P 2 < <12 ^ ■ and lim — = oo 

m P^ 

(ii) For I = + 1, • • •, <?m} we have lim \a^\~ = 0. 

Theorem 3.1. The class ..., {n”'°}neN) l-s indepedant 

of the choice o/Co- 

Proof. Let / e {n^j^gp^,..., Let Ki,...,K^^ G 

-Adfp, gi G A(iLi),..., G A{K„) and L G fl compact. Fix a sequence 
{Ek} fcgpj as in lemma [22] with the additional property that every Ek disjoint 
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from [J^ Kfj and set E = VJ^Ek. Then, there exists a strictly increasing 
seqnence with: 

\\Tif\f) - ga\\K, 0, for every a = 1, 2,..., cxo 

\\Tni^ if) I Ufc 0, for every a = 1, 2,..., cxq 

Note that the fnnctions T^S°^(/) are polynomials of degree less or eqnal to 
n^. Moreover, for k large enongh 


r^r(/)IU. < 1 ^ r^^(/)li;: < 1 ^limsnp|T,l °^(/)(z)|"S < l, z^E. 

k 

In view of lemma 2 in [19] 

limsup||T««>(/)|||J.,i<l, Vfl>0. 


Passing to a subseqnence, we may assnme that: 


||ri?>(/)|||"4.j<2, <7 = 1,2,...,^0 


Now set: 


Then 


Uk 


Pk = 


Uk 


- (log k) '^0 


+ 1 . 


(log k) 


Pk 

— < — < 
<70 f^k 


1 1 

-X “I- 

(log k) ^k 


Thus, — < log k and 

\PkJ \Pk 

Moreover, ii p'^ < iz < we have: 


nk 


—)■ +CXD for all (T = 1, 2,..., a^. 


Kk<—^— 


iid?’(/)iig.. 


< 


2 QV" 2'°§^ 


< 


= 


2-1 


Thus hmj 7 la^l^ =0 and the power series has Ostrowski-gaps (Pfc,^,^), 
/c = 1, 2,... for every a = 1, 2,..., (Jq. 

It is known (see I2D1) that in this case: 


Tpl°\f) - 0, compactly on C. 
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Moover, in view of lemma 9.2 [TB] (see also theorem 1 |2U]) we have: 


sup sup \T^i°\f){z) - T^9{f){z)\ 0, 

(£L z£K 

for every choice of compact sets L (zVL and K G C. 

Thus: 


sup ||T^9(/) - g^llK^ 0, for every a = 1, 2,..., o-q. 

CeL 

So / e U^ln{{n}nm, • • •, {n'^'’}nGN) for every ( eQ and the result 

follows. 

□ 

Remark: In this case we have d-hypercyclicity for uncountable many 
sequences of operators u = 1, 2,..., (Tq and C ^ 
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